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Minimum Length MHD Accelerator
with Constant Enthalpy

HAROLD MIRELS,* RICHARD R. GoLD,f
AND JAMES F. MULLENJ

Aerospace Corporation, El Segundo, Calif.

IN a previous note,1 an analytical solution was presented for
the minimum length of a crossed-field magnetohydro-

dynamic (MHD) accelerator with specified inlet and exit
conditions. It was assumed that the flow was one-dimen-
sional, that the working fluid was a perfect gas, that the
enthalpy, magnetic field B, and electrical conductivity a were
each constant, and that the local joule heating was small as
compared with the net local electrical power input (eR « 1).
This solution has been generalized to include variable magne-
tic field and electrical conductivity. In particular, it has
been assumed that

where p is density and TV is a constant. This generalization is
outlined here, using the same notation as in Refs. 1 and 2.
A brief comparison, with a related analytical solution in Ref.
3, is also made.

Substitution of Eq. (1) into Eq. (7) of Ref. 1 gives

p1P pu *du (2)

which is to be minimized. Equation (2) can be reduced to the
same equation that is minimized in Ref. 1 if pN and pi/N are
replaced by p and pif respectively. Hence, Eqs. (8-14) in
Ref. 1 are directly applicable to the present problem provided
that p and p\ therein are replaced by pN and pi/N. If terms
of order eR are neglected,! then the density variation for a
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§ A closed-form solution for minimum length can be obtained,
without assuming eR <^C 1, for the special case N = 0. The re-
sulting solution is

Inp = (2/3piC2)[(2 - Cu)(l + C^)1/2 - (2 - C)(l + C)1/2]
x = (2/3C)[(l + CuY>* - 3Cu + 3(1 + Cu)^]l".l

where C = (1 - e2)/e2.

minimum-length accelerator is

and the corresponding variation of accelerator length with u is

The other dependent variables, to order eR «: 1, are

j = pu^e/B were - B/p

jEyA = eu112 $== - fX Exdx = - fU-cJo Ji a

(5)

The area variation is

A = l/pu = [1 + (Ne/Pl)ex]llN/(l + fe

For small and large values of ex, respectively,

A = 1 + [(e/Pl) - l]ex

(6)

(7a)

(7b)

A practical accelerator generally will require dA/dx > 0.
This will require e/Pi > 1 for small ex and N < f for large ex.

If the accelerator exit conditions are specified, the required
value of e/pi is [from Eq. (3) ]

(8)e/Pl = (3/2N)[(p2~N ~ l)/fe3/2 - 1)]

The minimum length to achieve these conditions is

~ 1)] (9)

Equation (9) is of major interest, since it describes the mini-
mum length in terms of the inlet and exit conditions, as well
as N. The length decreases as N increases.

The variation of conductivity with density for a gas at
constant temperature can be approximated generally by
a = p~Ni. For a slightly ionized gas, a is essentially pro-
portional to the degree of ionization. The Saha equation
then indicates 0 < NI < -5-. For a more highly ionized gas,
cr increases slightly with p so that NI becomes negative. A
typical plot of cr vs p is shown in Fig. 1 for air seeded with
potassium. These results were obtained by G. L. Johnston
of Aerospace Corporation and permit values of NI to be
obtained for various temperature and density regimes.

io™3 io~2 KT'
DENSITY, P*/Pt*

Fig. 1 Electrical conductivity of air seeded with 0.75%
by weight of potassium (symbol pst* denotes air density at

STP).
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Assuming <r = p"^1, the present solution then applies for a
magnetic-field variation of the form B = p(i+^1-^)/2> ^
constant B field solution corresponds to TV = 1 + Ni, whereas
a constant ovre solution corresponds to B = p or N = Ni — 1.
To achieve the shortest accelerator length, consistent with an
upper limit on coere, the accelerator design may require that
B be uniform and as large as possible in the upstream portion
of the accelerator and that coere be constant at the maximum
allowable value in the downstream portion. Such an ac-
celerator can be designed by the piecewise application of the
present analytical results.

Ring3 also has presented a closed-form solution for a mini-
mum-length constant enthalpy accelerator subject to the
assumption aB2 = pl~N. His solution is different from the
one derived herein principally because of his use of an as-
sumption other than eR <£ 1. Ring's results are summarized
so that a meaningful comparison of the two solutions can be
made. Ring obtained an expression for minimum length
which is valid for all eR. This result is^

1 - e»fl _ "I

- e2) J
(10)

It is necessary to know p and R as functions of u in order to
find #2 as a function of inlet and exit conditions. To deter-
mine R = R(u)} Ring wrote Eq. (8) of Ref. 1 in the form

dR/du = -(l/K)(Ne/Pl)uR*(l - eR) (11)

where

(Pl/2Ne)[(l + eR)/Ru*] (12)

and assumed that a mean value of K can be used in Eq. (11).
Successive integrations, without any limit on the magnitude
of eR, gave

(1 -

p = {[(1 -

Ne u2 - 1

\KlN

, N(13a)

(13b)
Equations (10) and (13) define Ring's solution. Note that
l/K = 1 + (p!/2Ne)(l + e) at u = 1, whereas l/K -> f as
u — > °° .

The form of the present solution is different from that of
Ring's, except in the limit u — *-<*>. The present solution
represents a consistent expansion, which is valid everywhere
to order eR <<C 1. Rin • does not require that eR <<C 1, but he
does require the use of an appropriate mean value for K.
It would appear that the present solution is preferable when
eR <C 1, whereas Ring's solution is useful where eR is not
small. Since eR represents the ratio of joule heating to net
local energy input, most practical accelerator designs will re-
quire that eR be small.

The area variation for the present class of accelerators may
be difficult to fabricate and may not permit shock-free super-
sonic flow. Hence, these solutions should be considered as
providing a first estimate for a physically realistic minimum-
length accelerator.
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^ This can be found most easily by letting p = e~s and p'/p =
— s', substituting into the integrand of Eq. (2), and optimizing
with respect to s.

More General Solutions of the Incom-
pressible Boundary-Layer Equations

(Pr = 1)

WILLIAM C. MEECHAM*
University of Minnesota, Minneapolis, Minn.

Nomenclature
CP — specific heat at constant pressure
D/Dt = wb/dz + -" '"-
/
k

P
R
P
T

= Blasius function
= thermal conductivity
= fluid viscosity
= kinematic viscosity, M/P
= freestream pressure
= universal gas constant
= fluid density
= fluid temperature
= freestream temperature
= tangential velocity
= bw/dj/, etc.
= freestream velocity
= transverse velocity
= tangential coordinate
= transverse coordinate

Introduction

CROC CO1 first produced the now familiar result that the
temperature of a fluid is a quadratic function of u in

two-dimensional, laminar, steady, compressible, thermal
boundary-layer flow when Pr = 1. It is the purpose of this
note to show that, if one restricts the problem to incompres-
sible flow with constant k and /z, then Cuy can be added to
the expression for the temperature, where C is an arbitrary
constant. The equations for the described compressible
boundary-layer flow are2

(d/dx)(pu) + (d/ty)G«;) = 0 (1)

p(D/Dt)u = (d/5y)(MWy) ~ P* (2)

PCp(D/Dt)T = (kTy) + + up,

£- = RT
P

(3)

(4)

When Pr = 1, a solution of these equations for T is

T = ~(l/2Cp)u* + du + C2 (5)
where d and €2 are constants, and Ci = 0 if px ^0.

Analysis and Discussion

If one further specializes the problem to incompressible
flow with fji and k constant, it is easily shown, using Eq. (1),
that

p(D/Dt)Uy = fJL(Uy)yy (6)

It is found, using Eq. (6), in this case, that

T = -(l/2Cp)uz + du + C2 + Cuy (7)

is a solution of Eq. (3), where again Ci = 0 if p* ?* 0. To
find u (and uy} as in the use of Eq. (5), one must solve the
velocity equations [Eqs. (1) and (2)].

Consider the boundary-layer flow over a curved surface.
Then px ^ 0, and Ci = 0 in Eq. (7). The temperature at the
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